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Abstract
In this short note, we give some new results on continuous bounded cohomology
groups of topological semigroups with values in complex field. We show that the
second continuous bounded cohomology group of a compact metrizable semigroup, is a
Banach space. Also, we study cohomology groups of amenable topological semigroups,
and we show that cohomology groups of rank greater than one of a compact left or
right amenable semigroup, are trivial. Also, we give some examples and applications
about topological lattices.
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1 Introduction
Homology theory is one of the most powerful tools for study of various mathematical ob-
jects. There are many kind of (co)homology theories, for instance: de Rham (co)homology
for smooth manifolds, sheaf cohomology for algebraic varieties, singular (co)homology of
topological spaces with values in an arbitrary ring, C˘ech cohomology for topological spaces,
bordism homology, and Hochschild (co)homology for rings and topological algebras with
values in bimodules.
The bounded cohomology theory was first defined for discrete groups by B. E. Johnson
[12] and F. Trauber. Then, M. Gromov [9] extended it to topological spaces. Gromov has
been proved that for every path connected manifold, the bounded cohomology group of any
rank is equivalent with bounded cohomology group of fundamental group of the manifold
with the same rank; for more details one can look [7]. The continuous cohomology theory
for topological spaces and topological groups have been studied by many mathematicians
in different approaches; see [3, 15, 17] and [21].
The bounded continuous cohomology theory for topological spaces and topological
groups, generalizing both continuous cohomology and bounded cohomology theories si-
multaneously, has been studied by many authors such as R. Frigerio [6] and N. Monod
∗
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[16]. Bounded cohomology of semigroups has also been considered by many mathemati-
cians such as R. Brooks [2], R. I. Grigorchuk [8] and N. V. Ivanov [11].
In this paper we establish a topological bounded cohomology theory for topological
semigroups, using continuous bounded cocycles.
In the section 2, we define bounded continuous cohomology group of a topological
semigroup. In the section 3, we show some basic properties of the bounded continuous
cohomology. In the next section, we explain the bounded continuous cohomology relation
with amenability. In the last section, we give some examples of it.
2 Definition of the cohomology
For any set X, B(X) denotes the Banach space of all bounded complex (C) valued maps
on X with the uniform norm. If X has a topology, thenC(X) ⊂ B(X) denotes the Banach
subspace of continuous maps. By a topological semigroup we mean a semigroup S with a
topology such that the multiplication S × S → S is jointly continuous.
Let S be a semigroup. Let C0b (S) = C, and for n ≥ 1, let C
n
b (S) = B(S
n). The elements
of Cnb (S) are called bounded cochains of the semigroup S. Let δ
0 : C0b (S) → C
1
b (S) be the
zero linear map and for n ≥ 1, define the bounded linear map δn : Cnb (S)→ C
n+1
b (S) by
δn(f)(s1, . . . , sn+1) = f(s2, . . . , sn+1)
+
n∑
i=1
(−1)if(s1, . . . , sisi+1, . . . , sn+1)
+ (−1)n+1f(s1, . . . , sn),
(1)
for f ∈ Cnb (S) and s1, . . . , sn+1 ∈ S. The linear map δ
n is called coboundary. It is easily
checked that δn+1δn = 0 and thus, we have the following cochain complex of Banach
spaces and bounded linear maps:
0 // C0b (S)
δ0 // C1b (S)
δ1 // · · ·
δn−1// Cnb (S)
δn // · · · (2)
Then, the cohomology groups of the complex (2) are called bounded cohomology groups of
S and denoted by Hnb (S) =
ker δn
Im δn−1
. Always, the quotient vector space Hncb(S) is consid-
ered as a semi normed space with quotient semi norm. As any cohomology theory, we let
Bnb (S) = Im δ
n−1 and Znb (S) = ker δ
n. The elements of Bnb and Z
n
b are called bounded
n-coboundaries and bounded n-cocycles, respectively. For more details on bounded coho-
mology of semigroups, see [8].
Now, suppose that S is a topological semigroup. Let C0cb(S) = C, and for n ≥ 1, let
Cncb(S) = C(S
n). The elements of Cncb(S) are called continuous bounded cochains of the
semigroup S. Then we have the following Banach subcomplex of (2):
0 // C0cb(S)
δ0 // C1cb(S)
δ1 // · · ·
δn−1// Cncb(S)
δn // · · · (3)
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Definition 2.1. The cohomology groups of the complex (3) are called continuous bounded
cohomology groups of S and denoted by Hncb(S).
Analogously, we have the space of continuous bounded n-coboundaries Bncb(S), and
the space of continuous bounded n-cocycles Zncb, and H
n
cb(S) is considered by the quotient
semi norm.
Remark.
(I) Let S be a discrete semigroup. Consider the convolution Banach algebra ℓ1(S). Then
the space C is a Banach ℓ1(S)-bimodule by the symmetric action f · λ = λ · f =
λ
∑
s∈S f(s) for f ∈ ℓ
1(S) and λ ∈ C. It is well known and easily checked that the
bounded Hochschild cohomology groups of ℓ1(S) with values in the bimodule C and
the bounded cohomology groups of S are isometric isomorph. Thus, the bounded
cohomology is a special case of Hochschild cohomology, see[20].
(II) Let S be a compact Hausdorff semigroup. If we dualize cochain complex (3), then
(by the natural isomorphism between C(X)∗ and the Banach space of complex Borel
regular measures M(X) for any compact Hausdorff space X) we have the chain
complex
0 Coo M(S)
(δ0)∗
oo M(S2)
(δ1)∗
oo · · ·
(δ2)∗
oo
One can consider the homology of this complex as a measure homology theory (cf.
[13, 14]) that is a topological version of ℓ1-homology of discrete semigroups [8].
3 Some basic properties
Theorem 3.1. Let S, T be topological semigroups and φ : S → T be a continuous homo-
morphism. Then for every n ≥ 0, there is a canonical continuous linear map
Hncb(φ) : H
n
cb(T )→H
n
cb(S).
Proof. For every n ≥ 1 let φˆn : C
n
cb(T )→ C
n
cb(S) be defined by
φˆn(f)(s1, . . . , sn) = f(φ(s1), . . . , φ(sn)) (f ∈ C
n
cb(T )).
Then (φˆn)n is a cochain map between continuous bounded cohomology complexes of T
and S, i.e. the following diagram is commutative:
0 // C
δ0 //
id

C1cb(T )
δ1 //
φˆ1

· · ·
δn−1// Cncb(T )
δn //
φˆn

· · ·
0 // C
δ0
// C1cb(S) δ1
// · · ·
δn−1
// Cncb(S) δn
// · · ·
(4)
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Thus, the standard arguments of Banach homology ([10], [19]) shows that we have a
continuous linear map Hncb(φ), defined by
Hncb(φ)(f + B
n
cb(T )) = φˆn(f) + B
n
cb(S),
for f ∈ Zncb(T ).
Let T SG be the category of topological semigroups and continuous homomorphisms.
Then, the above theorem shows that Hncb is a contravariant functor from T SG to the
category of seminormed spaces and continuous linear maps. Since the category T SG has
no additive properties, the computation of continuous bounded cohomology groups often
are very hard. In another paper, we will consider various extensions of Hncb to some
categories of representations of topological semigroups on topological vector spaces.
For any topological semigroup S it is trivial that H0cb(S) = C. First order cohomology
groups are zero:
Theorem 3.2. For any topological semigroup S, H1cb(S) is zero.
Proof. Let f ∈ Z1cb(S) be a 1-cocycle. Then for every s, t ∈ S, we have δ
1(f)(s, t) =
f(t)− f(st) + f(s) = 0 and thus,
f(st) = f(s) + f(t).
In particular, for every s ∈ S and n ∈ N, we have f(sn) = nf(s). This implies that
f(s) = 0, since f is a bounded map. Therefore Z1cb(S) = 0 and H
1
cb(S) is zero.
We recall a kind of limiting process: Let E be the Banach space of all bounded se-
quences of complex numbers with uniform norm and let F ⊂ E be the subspace of all con-
vergent sequences. Then, the functional lim : F → C defined by lim(an)n∈N = limn→∞ an
is a bounded functional and thus, by the Hann-Banach theorem there is a bounded func-
tional LIM : E → C that extends lim and ‖LIM ‖ = 1 (such functionals are called Banach
limits).
Theorem 3.3. Let S be a compact semigroup with a metric d that induces the topology
of S and has the following property:
• For every β > 0, s, t ∈ S, and i ∈ N if d(s, t) < β then d(si, ti) < β.
Then H2cb(S) is a Banach space.
Proof. It is enough that we prove δ1(C1cb(S)) is closed in C
2
cb(S), and thus, it is sufficient
to construct a bounded linear map γ : C2cb(S)→ C
1
cb(S) such that γδ = idC1
cb
(S).
Let f ∈ C2cb(S) be a 2-cochain. For every s ∈ S, consider the bounded sequence
af,sn = n−1
∑n−1
i=1 f(s
i, s) (n ≥ 2) of complex numbers and define γ(f)(s) = LIM(af,sn ).
Let α > 0 be arbitrary. Since S2 is a compact metric space and f is continuous, there
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is β > 0 such that if d(t1, t2) < β and d(t
′
1, t
′
2) < β then |f(t1, t
′
1) − f(t2, t
′
2)| < α.
This property together with (∗) implies that for every s, t ∈ S and n ∈ N if d(s, t) < β
then |af,sn − a
f,t
n | < α and thus, |γ(f)(s) − γ(f)(t)| < α. Therefore we have proved γ(f)
is continuous and γ(f) ∈ C1cb(S). Also, it is easily checked that γ is a bounded linear
operator.
Now, suppose that g is in C1cb(S). For every s ∈ S and i ≥ 1 we have
δ1(g)(si, s) = g(si)− g(si+1) + g(s),
thus, for every n ≥ 2, a
δ1(g),s
n = g(s)− n−1g(sn). Therefore we have
γ(δ1(g))(s) = LIM(aδ
1(g),s
n ) = lim
n→∞
g(s)− n−1g(sn) = g(s).
Thus, we have proved γδ(g) = g.
It is easily checked that the arguments of the proof of Theorem 3.3, satisfy when S is
a discrete semigroup:
Theorem 3.4. Let S be a discrete semigroup. Then H2b (S) is a Banach space.
Proposition 3.5. Let S and T be topological semigroups and p : S×T → S be the natural
projection. Suppose that T has a unite element e. Then the linear map Hncb(p) : H
n
cb(S)→
Hncb(S × T ) is injective for all n ≥ 1.
Proof. For n = 1, the result follows from Theorem 3.2. Let n ≥ 2 be fixed, and let
p(n) : (S × T )n → Sn be defined by
p(n)((s1, t1), . . . , (sn, tn)) = (s1, . . . , sn)
for s1, . . . , sn ∈ S, t1, . . . , tn ∈ T . By definition of H
n
cb(p), we must prove that if f ∈ Z
n
cb(S)
and f ◦ p(n) ∈ Bncb(S × T ), then f is in B
n
cb(S). Thus, consider such a n-cocycle f . There
is g ∈ Cn−1cb (S × T ) such that δ
n−1(g) = f ◦ p(n). Define gˆ ∈ Cn−1cb (S) by
gˆ(s1, . . . , sn−1) = g((s1, e), . . . , (sn−1, e)) (s1, . . . , sn−1 ∈ S).
Then, for every s1, . . . , sn ∈ S, we have
δn−1(gˆ)(s1, . . . , sn) = gˆ(s2, . . . , sn) +
n−1∑
i=1
(−1)igˆ(s1, . . . , sisi+1, . . . , sn)
+ (−1)ngˆ(s1, . . . , sn−1) = g((s2, e), . . . , (sn, e))
+
n−1∑
i=1
(−1)ig((s1, e), . . . , (sisi+1, e), . . . , (sn, e))
+ (−1)ng((s1, e), . . . , (sn−1, e))
= δn−1(g)((s1, e), · · · , (sn, e)).
On the other hand, δn−1(g)((s1, e) . . . , (sn, e)) = f(s1, . . . , sn). Thus, we have δ
n−1(gˆ) = f
and f ∈ Bncb(S).
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4 Relation with amenability
Let S be a topological semigroup. A function f ∈ C(S) is called right uniformly con-
tinuous, if the map Φf : S → C(S) defined by Φf (s) = f · s is continuous with uniform
norm of C(S), where f · s(x) = f(sx) (x ∈ S). Left uniformly continuous functions are
similarly defined. The space of all right (left) uniformly continuous functions is denoted
by RUC(S) (LUC(S)). Note that if f ∈ RUC(S) and s ∈ S, then f · s ∈ RUC(S).
Also, it is easily checked that RUC(S) = LUC(S) = C(S) when S is compact, and it is
clear that RUC(S) = LUC(S) = C(S) = B(S) when S is discrete.
A topological semigroup S is called it left amenable if there is a left invariant mean on
RUC(S), i.e. a bounded linear functional m on RUC(S) such that 〈m, 1S〉 = ‖m‖ = 1
(where 1S is the constant map on S with value 1) and for every s ∈ S and f ∈ RUC(S),
〈m, f · s〉 = 〈m, f〉. Right invariant means and right amenable semigroups are similarly
defined. A topological semigroup is called amenable if it is both left and right amenable.
It is well known and easily checked that for topological semigroups S and T , if there
is a continuous homomorphisms form S onto T , and S is left (right) amenable, then T
is also left (right) amenable. In particular, if S is left (right) amenable semigroup with
topology τ , and τ ′ is another semigroup topology on S such that τ ′ ⊂ τ , then (S, τ ′) is left
(right) amenable. Thus, any commutative topological semigroup is amenable since any
commutative discrete semigroup is amenable ([18]). It is well known that any compact
group is amenable ([18]), but there are compact semigroups that are not left amenable
nor right amenable:
Example. Let X and Y be two disjoint compact spaces with distinguished elements
x0 ∈ X and y0 ∈ Y . Define a semigroup multiplication on disjoint union space T = X ∪Y
by
xx′ = x0, yy
′ = y0, xy = x0, yx = y0,
for every x, x′ ∈ X and y, y′ ∈ Y . Then T becomes a compact semigroup. We show
that T is not left amenable. Suppose m is a bounded linear functional on C(T ) such
that 〈m, 1T 〉 = ‖m‖ = 1. For every x ∈ X ⊂ T and f ∈ C(T ), we have 〈m, f · x〉 =
〈m, f(x0)1T 〉 = f(x0), and similarly 〈m, f · y〉 = f(y0) for every y ∈ Y . Thus, m is not
a left invariant mean, since there is a continuous map f on S such that f(x0) 6= f(y0).
Thus, we have proved that T is not left amenable. Let T op be the opposite semigroup of T .
Then T op is not right amenable. Now the compact semigroup S = T × T op is not left nor
right amenable, since the canonical projection maps from S to T and T op are continuous
surjective homomorphisms.
We need the following simple topological lemma.
Lemma 4.1. Let X be a topological space and Y be a compact space. Let f : X × Y → C
be a continuous map. Then F : X → C(Y ), defined by F (x)(y) = f(x, y) is continuous
with norm topology of C(Y ).
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Proof. Let x0 ∈ X and α > 0 be arbitrary. Since f is continuous, for every y ∈ Y ,
there are open sets Uy, Vy in X and Y respectively, such that (x0, y) ∈ Uy × Vy and
|f(x0, y) − f(x, y
′)| < α/2 for every (x, y′) ∈ Uy × Vy. Since Y is compact, there are
y1, . . . , yn ∈ Y such that Y = ∪
n
i=1Vyi . Let W be the open set ∩
n
i=1Uyi . Let x ∈ W and
y ∈ Y be arbitrary. Then for some i (i = 1, · · · , n), y belongs to Vyi and we have,
|f(x, y)− f(x0, y)| ≤
|f(x, y)− f(x0, yi)|+ |f(x0, yi)− f(x0, y)| < α/2 + α/2 = α.
Thus, we have ‖F (x)− F (x0)‖ < α for every x ∈W . The proof is complete.
The proof of the following Theorem is an adaptation of the proof given in [8, Theorem
2.1] to the topological case.
Theorem 4.2. Let S be a compact semigroup and suppose that S is left (right) amenable.
Then Hncb is zero for every n ≥ 0.
Proof. Suppose that S is left amenable and let m be a left invariant mean on C(S)∗.
Similar [8], we use the notation
m(f) =
∫
S
f(s)d(s) (5)
for f ∈ C(S). Thus, we have
(i)
∫
S
1S(s)d(s) = 1, and
(ii)
∫
S
f(ts)d(s) =
∫
S
f(s)d(s) for every f ∈ C(S) and t ∈ S.
The cases n = 0 and n = 1 were considered before, thus, suppose that n ≥ 2 and let
f ∈ Zncb(S). Then, for every s1, . . . , sn+1 ∈ S, we have,
δn(f)(s1, . . . , sn+1) = f(s2, . . . , sn+1)
+
n∑
i=1
(−1)if(s1, . . . , sisi+1, . . . , sn+1)
+ (−1)n+1f(s1, . . . , sn) = 0
If we fix s1, . . . , sn ∈ S and integrate the above formula over the variable sn+1 in the sense
of (5), then we have
∫
S
f(s2, . . . , sn+1)d(sn+1)
+
n−1∑
i=1
(−1)i
∫
S
f(s1, . . . , sisi+1, . . . , sn, sn+1)d(sn+1)
+(−1)n
∫
S
f(s1, . . . , sn−1, snsn+1)d(sn+1)
+(−1)n+1
∫
S
f(s1, · · · , sn)d(sn+1) = 0
(6)
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By property (i), ∫
S
f(s1, . . . , sn)d(sn+1) = f(s1, . . . , sn), (7)
and by property (ii),
∫
S
f(s1, . . . , sn−1, snsn+1)d(sn+1) =
∫
S
f(s1, . . . , sn−1, sn+1)d(sn+1). (8)
Let g : Sn−1 → C be defined by
g(s2, . . . , sn) =
∫
S
f(s2, . . . , sn, sn+1)d(sn+1).
By Lemma 4.1, the map F : Sn−1 → C(S), defined by
F (s2, . . . , sn)(x) = f(s2, . . . , sn, x) (x ∈ S),
is continuous with the norm of C(S). On the other hand,
∫
: C(S)→ C is also continuous
with the norm. Thus, the map g =
∫
F is in Cn−1cb (S). Therefore, by (6), (7) and (8), we
have,
(−1)nf(s1, . . . , sn) = g(s2, . . . , sn)
+
n−1∑
i=1
(−1)ig(s1, . . . , sisi+1, . . . , sn)
+ (−1)ng(s1, . . . , sn−1)
But the right hand side of the latter equation is δn−1(g). Thus,
f = δn−1((−1)ng).
Therefore we have proved Bncb(S) = Z
n
cb(S) and H
n
cb(S) = 0. A similar proof can be given
in the case of right amenable S.
5 Some examples
Gromov ([9]) proved that for any connected manifold X, and any n ≥ 1, the bounded
cohomology of X and the bounded cohomology of the fundamental homotopy group π1(X)
of X coincide (for more details see [9, 2, 11], and [8]). Thus, there are many discrete groups
that their bounded cohomology groups are non zero.
Let G be a discrete group and S be a topological semigroup with a unite. Suppose that
for an integer n ≥ 2, Hncb(G) 6= 0 (for example G = F2, the free group on two generators,
and n = 2, see [8], [5]). Then by Proposition 3.5 we have Hncb(G× S) 6= 0.
A semigroup S is called semilattice if it is commutative and ss = s for every s ∈ S.
Theorem 5.1. Let S be a topological semilattice. Then H2cb(S) is zero.
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Proof. Let f ∈ Z2cb(S) be a 2-cocycle. We need a g ∈ C
1
cb(S) such that for every s, t ∈ S,
f(s, t) = g(s) + g(t) − g(s, t).
Since f is a 2-cocycle, for every s1, s2, s3 ∈ S we have
δ2(f)(s1, s2, s3) = f(s2, s3)− f(s1s2, s3) + f(s1, s2s3)− f(s1, s2) = 0. (9)
Apply (9) with s1 = s, s2 = s, s3 = t, we obtain
f(s, s) = f(s, st) (10)
and similarly
f(t, t) = f(t, st). (11)
Apply (9) with s1 = s, s2 = t, s3 = st, we obtain
f(s, t) = f(t, st)− f(st, st) + f(s, st) (12)
Now, by (10), (11) and (12), we have
f(s, t) = f(t, t) + f(s, s)− f(st, st).
Thus, if we define g(s) = f(s, s) (s ∈ S), then g ∈ C1cb(S) and δ
1(g) = f .
Remark.
(a) The above result follows directly from Theorem 4.2, when S is compact.
(b) In [4], Y. Choi proved , that for any discrete semilattice S and any symmetric Banach
ℓ1(S) bimodule E, every Hochschild cohomology group of ℓ1(S) with coefficient in
E is trivial (see Remark of Section 1). Thus, for every discrete semilattice S and
n ≥ 0, Hnb (S) = 0.
Example. Let (X, d) be a metric space and let for every A ⊂ X and ǫ > 0, Nǫ(A) be
the ǫ-neighborhood of A in X. Let SX be the set of all nonempty closed bounded subsets
of X. Then SX is a metric space by the following metric that is called Hausdorff distance:
dH(C1, C2) = inf{ǫ > 0 : C1 ⊂ Nǫ(C2) and C2 ⊂ Nǫ(C1)},
for (C1, C2 ∈ SX). Also SX is a semilattice with the multiplicaton C1C2 = C1 ∪ C2. It is
easily checked that SX is a topological semilattice with the topology induced by dH . Note
that if (X, d) is a compact metric space then so is (SX , dH), [1, Lemma 5.31].
Let (X, d) and (Y, ρ) be disjoint compact metric spaces with distinguished elements x0 ∈ X
and y0 ∈ Y . Let S and T be compact semigroups defined in Example of Section 3, using
X and Y . Define the metric d′ on T = X ∪ Y by d′|X×X = d, d
′|Y×Y = ρ and d
′(x, y) = 1
for x ∈ X, y ∈ Y . Then T together with d′, satisfy the conditions of Theorem 3.3. Also,
S together with the maximum metric satisfy the conditions of Theorem 3.3, but it is not
left nor right amenable, and thus, we can not apply Theorem 4.2, to conclude that the
cohomology groups of S are zero.
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